In this work, measurement of the single-molecule magnet (SMM) spin state using a microstrip resonator is considered theoretically. An analysis of the SMM spin dynamics and the interaction between the microstrip and the SMM is presented. The interaction of the SMM with the microstrip causes a shift of the microstrip resonance frequency. An analytic expression for the maximum frequency shift is derived. For a spin-4 SMM Ni 4 , the maximum possible relative frequency shift is estimated to be 3.2 × 10 −5 for the excited state and 5.8 × 10 −5 for the ground state. The numerical analysis shows the hysteresis behavior of the resonator frequency. Two methods for measuring the spin state of the SMM with a microstrip resonator are proposed. One method is based on the sign of the frequency shift. The other one utilizes the hysteresis behavior of the resonator frequency.
I. INTRODUCTION
Single-molecule magnets (SMM) could be used as qubits in quantum information processings. [1] [2] [3] [4] [5] [6] SMMs such as Mn 4 acetate (spin S = 10) or Ni 4 (S = 4), have nonequidistant energy spectrums and long relaxation times, which are favorable characteristics for a qubit. In Ref. 3 , it was suggested, that the electron paramagnetic resonance technique can be used to read out an SMM. In this paper, we suggest a method for measuring the SMM spin state using a microstrip resonator. We consider the adiabatic spin dynamics assuming that the SMM remains in the ground or excited state in the rotating reference frame.
In Sec. II, we describe the microstrip resonator with an equivalent circuit model. In Sec. III, we consider the spin dynamics of Ni 4 by applying the rotating-wave approximation. In Sec. IV, we consider classical oscillations in the microstrip to describe the interaction between the SMM and the microstrip. In Sec. V, we numerically determined the behavior of the microstrip frequency shifts. In Sec. VI, we describe two methods to measure the SMM spin (qubit) state.
II. MICROSTRIP SYSTEM
A microstrip resonator is shown in Fig. 1 . The microstrip, connected to an external voltage source and a detector, can be represented by the equivalent circuit shown in Fig. 2 . The middle loop represents the microstrip resonator with inductor L, capacitor C, and resistor R. In this section, we are going to show that the circuit shown in Fig. 2 can be used to find the resonance frequency of the resonator. The coupling capacitors, C 1 and C 2 , represent the gaps among the output, the input, and the resonator. The resistor, R 2 , represents the measuring device that is used to measure the output. In terms of the physical shape of the microstrip resonator, the parameters C and L can be approximated as
where is the permittivity of the dielectric substrate, μ 0 is the permeability of free space, w and l are the width and length of the microstrip, and d is the distance between the microstrip and the metallic plate as shown in Fig. 1 .
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The electrical impedance between point d and point e in . The electrical impedance between point b and point f is Z bf = R + iωL. The total electrical impedance for the equivalent circuit is
The current through the voltage source is V /Z, where Z is given by Eq. (2). The potential difference between point a and point b in Fig. 2 , where I 2 is the current through the resistor R 2 .
Using the fact that the potential difference between point a and point b is equal to the potential difference between point e and point d, we obtain
The normalized power output I 2 2 R 2 for the values = 13 o ( o is the permittivity of free space), w = 0.4 mm, l = 1.5 mm, d = 5 mm, C 1 = C 2 = 1 fF, R = 16 m , and R 2 = 1 is shown in Fig. 3 as a function of √ LCω. Our numerical analysis shows that the power dissipated by R 2 is maximum at ω =
Therefore, the microstrip system represented by the equivalent circuit in Fig. 2 can be used to find the resonant frequency of the resonator. 
III. ANALYSIS OF SMM ADIABATIC SPIN DYNAMICS
In this section we consider the spin dynamics of the SMM Ni 4 . In the giant spin approximation, the nine lowest energy levels of Ni 4 can be describe by the Hamiltonian
where the first and second terms describe the uniaxial anisotropy, the third term describes the fourth-order fourfold symmetry in the hard plane, and the last term is the interaction with an external magnetic field. 2 The anisotropy term DŜ 
whereσ x,y,z are the Pauli spin matrices, andÊ is the identity matrix. Let the SMM experience the static magnetic field and an rf field:
where ω, B x1 , B y1 , and B z1 are the angular frequency and amplitudes of the rf field. For the magnetic field given by Eq. (7), the truncated Hamiltonian becomes
where
is the Larmor frequency [all parameters in Eq. (9) are real], and we assume that the g tensor is diagonal in our rectangular system. 9, 10 Note that parameters (9) of the rf field along the y axis. Ignoring the term with the identity matrix and the oscillating term proportional toσ z , we obtain the following effective Hamiltonian:
Here we introduce the notation
for the effective two-level system. We transfer to the rotating system using a unitary transformation:
whereR = exp(iωtσ z /2), |ψ r , and |ψ are the state vectors in the rotating and laboratory coordinate systems, correspondingly. The Schrödinger equation in the rotating reference frame becomes
where H r is the Hamiltonian in the rotating frame (see the Appendix):
Assuming slow (adiabatic) change of the Larmor frequency ω L , we can consider the eigenvectors of the Hamiltonian (14):
Using the unitary transformation in Eq. (12), the eigenvectors of H eff in the initial (nonrotating) frame are
Note that when ω L ω, the eigenstates can be approximated to be |+ ≈ |1 and |− ≈ |0 . In other words, when B o is large, the eigenstates are approximately our qubit states. The components of the average spin for eigenvectors (16) are computed to be
where, on the left-hand side of Eq. (17), |q = |± , and, on the right side, q = ±1.
IV. INTERACTION BETWEEN THE MICROSTRIP RESONATOR AND THE SMM
In this section, we find the resonator frequency shift caused by the SMM.
A. Flux approximation
First, we estimate the magnetic flux created by the SMM in the resonator. Let the SMM be a distance s away from the dielectric as shown in Fig. 1 . The magnetic field produced by the SMM is given by
wherer is the unit vector, which points from the SMM to the point of observation, and r is the distance to that point. We place the origin of our coordinate system at the SMM. For simplicity, we assume that the magnetic moment of the SMM is pointing along the z axis. The average magnetic field in the resonator on the y axis is given by
where m z = μ B g z Ŝ z . It follows from Eq. (18) 
The value of x where B z (r) equals half its value at x = 0 is given by the solution of the following equation:
The solution of this equation, x = x = (s +
B. Magnetic field produced by the microstrip on the SMM
The magnetic field of the microstrip acting on the SMM can be approximated using Ampere's law,
where I is the current in the microstrip. By considering a small rectangular loop around the microstrip in the yz plane, one obtains
where w is the width of the microstrip. We assume that the current is positive when it is traveling in the positive x direction, so that B z is positive when I is positive.
C. Equation for the resonator frequency
We assume that the oscillating component of the magnetic moment m z generates an emf in the equivalent circuit of the microstrip resonator (center loop in Fig. 2 ):
where k is a parameter determined by the geometry of the microstrip. From Eq. (22), we can estimate k by
Applying Kirchoff's rules to the central loop in Fig. 2 and taking the time derivative, we obtain the equation
To find the eigenfrequency of the resonator affected by the SMM, we put
In the zeroth approximation, putting k = 0, we obtain
From here we get the well-known expression for the resonator frequency,
For our parameters, ω o /2π = 8.8 GHz.
Next, we obtain the frequency of the resonator-SMM system in the first approximation. The transversal oscillating magnetic field at the SMM location is assumed to be B z = kI o cos(ωt) = B 1 cos(ωt). From Eq. (24), we have
From Eq. (27), putting R = 0 and taking Ŝ z from Eq. (17), we obtain
Note that N and r depend on B o .
V. HYSTERESIS BEHAVIOR OF THE MICROSTRIP FREQUENCY
In this section, we describe the numerical solution of Eq. (32) for a current amplitude I 0 = 1 μA. The dependence of the Larmor frequency on the magnetic field B o is shown in Fig. 4 . Let B c be the magnetic field where Larmor frequency is equal to ω o (see Fig. 4 ). For our parameters, B c ≈ 3.266 T.
Note that the classical description of the microstrip is valid if the microstrip energy is much higher than its energy quantum: For this case, the relative frequency shift of the resonator as a function of B 0 is shown in Fig. 5 . One can see the hysteresis behavior of the resonator frequency shift. Equation (32) has three real positive solutions in the region (−3.1 × 10 −6 T < B 0 − B c < −0.8 × 10 −6 T) and one real positive solution outside this region. For I 0 = 1 μA, the maximum magnitude of the relative frequency shift is 4.2 × 10 −6 . For the minimum value of the classical current amplitude, I 0 = I 0 , the maximum magnitude of the relative frequency shift is 5.8 × 10 −5 . When the SMM is initially in its excited state, |1 [q = 1 in Eq. (17)], the relative frequency shift of the resonator as a function of B 0 is shown in Fig. 5(b) . In this case, Eq. (32) has three real positive solutions in the region (0.1 × 10 −6 T < B 0 − B c < 1.3 × 10 −6 T), two real positive solutions in the region (1.3 × 10 −6 T < B 0 − B c < 1.5 × 10 −6 T), and one real positive solution elsewhere. For I 0 = 1 μA, the maximum relative frequency shift of the resonator is 2.8 × 10 −6 . For the minimum value of the classical current amplitude, I 0 = I 0 , the maximum frequency shift is 3.2 × 10 −5 . Figure 6 shows schematically the relative frequency shift for different current amplitudes. The hysteresis behavior eventually disappears as the current amplitude increases. Furthermore, the maximum relative frequency shift (magnitude) decreases monotonically, as the current amplitude increases.
We numerically inferred that the minimum value of x in Eq. (32) for the initial ground state occurs when x = r, that is, ω = ω L . With this substitution to Eq. (32), we obtain the following system of equations:
From these two equations, one can find the minimum frequency of the resonator and the corresponding value of B 0 without solving Eq. (32). The maximum value of ω for the initial excited state cannot be obtained using this method because it does not correspond to ω = ω L . Figures 7 and 8 demonstrate the hysteresis behavior of the frequency shift at small values of I 0 . First, we discuss the case when the SMM is initially in the ground state (q = −1). For this case, Fig. 7 shows schematically the expected behavior of the resonator frequency ω as a function of the external magnetic field. When the external magnetic field decreases, the resonator frequency decreases smoothly from the value ω o to the value ω a , which corresponds to the maximum frequency shift. Then the resonator frequency drops to the value ω b and decreases smoothly to the value ω o . The maximum frequency shift, |ω a − ω o |, can be observed at point a, which is shifted from the crossing point, ω L = ω o (i.e., B 0 = B c ), to the region of smaller magnetic fields. When the external magnetic field increases, the resonator frequency decreases smoothly from the value ω o to the value ω e shown in Fig. 7(b) . Then the resonator frequency jumps to the value ω f . Afterward, as the external magnetic field increases, the resonator frequency increases smoothly back to ω o . In this case, the resonator frequency shift, |ω − ω o |, does not reach its maximum value,
The case when the SMM is initially in an excited state (q = 1) is shown schematically in Fig. 8 . When the external magnetic field is decreasing, the resonator frequency first increases smoothly [ Fig. 8(a) ]. Then it jumps from the value ω h to the value ω g . Afterward, the resonator frequency decreases smoothly to ω o . When the external magnetic field is increasing, the resonator frequency increases smoothly to the value ω d that corresponds to the maximum frequency shift as shown in Fig. 8(b) . Note that the position of the maximum frequency shift moves from the crossing point, ω L = ω o (i.e., B 0 = B c ), to the region of the greater fields.
VI. DISCUSSION
We have presented the theory of SMM measurement with a microstrip resonator using a classical description of the microstrip resonator and a quantum description of the SMM. We derived a system of equations, (34), for the maximum frequency shift of the resonator. Next, we numerically analyzed the behavior of the relative frequency shift,
, as a function of the external magnetic field B 0 . We have demonstrated the hysteresis behavior of the resonator frequency. The maximum possible relative frequency shift for the Ni 4 SMM is estimated to be 3.2 × 10 −5 for the excited state and 5.8 × 10 −5 for the ground state.
Next, we discuss how to use the resonator frequency shift to find the spin state of the SMM qubit. We consider two initial states of the SMM, ones where the SMM is in the ground or excited state. The two states can be distinguished using the frequency shift of the microstrip resonator. Let the initial Larmor frequency be much higher than the frequency of the microstrip resontator, ω o = 1/ √ LC. Then the Larmor frequency is slowly (adiabatically) lowered. The frequency shift, ω − ω o , is negative if the SMM was initially in the ground state. Otherwise, the frequency shift is positive. Thus, using the sign of the resonator frequency shift, one can distinguish these two states of the SMM qubit: the ground state and the excited state. Note that the spin state can be measured nondestructively if we do not cross the point of frequency jump and adiabatically return to the initial value of the magnetic field B o . Now suppose that an experimental apparatus does not allow one to measure the sign of the frequency shift, ω − ω o , but only its absolute value, |ω − ω o |. In this case, one can still determine the SMM qubit state. Assume that the external magnetic field adiabatically decreases from the values ω L ω o to the value B in Figs. 7(a) or 8(a). The frequency jump is avoided so that the spin state can continue to change adiabatically. For current amplitude I 0 = 1 μA, the magnitude of the relative frequency shift,
when the SMM is in the ground state and 8.3 × 10 −8 when the SMM is in the excited state. Thus, the magnitude of the relative frequency shift at B o = B differs more than 2 times for the two initial states of the SMM. Afterward, the external magnetic field is increased back to its initial value. Thus, one is able to nondestructively measure the spin state of the SMM regardless of the sign of the frequency shift. If the spin is initially in a superposition of the ground and excited states, then we expect that in the process of measurement it collapses to the ground or excited state in the rotating reference frame. Correspondingly, after the external magnetic field returns to its initial value the qubit will be in its ground state, |0 , or excited state, |1 .
If the spin state of the SMM does not need to be preserved, the magnetic field can be further decreased. If the SMM qubit is in the ground state, then the frequency shift magnitude, |ω − ω o |, reaches its maximum value, |ω a − ω o |, in Fig. 7(a) . This maximum value will be observed at ω L < ω o (i.e., B 0 < B c ). In the opposite case, the maximum frequency shift for the decreasing field B o is |ω g − ω o | in Fig. 8(a) . It is observed at ω L > ω o (i.e., B 0 > B c ). Thus, decreasing the external magnetic field, B o , one can observe the frequency shift whose sign, absolute value, and position are different for the two SMM qubit states. Although this method destructively measures the SMM qubit state, the frequency shift can reach its maximum possible value.
We now address the issue of implementing single spin measurements using thin-film resonators. While such measurements are challenging, and most measurements thus far have been carried out on spin ensembles, 11, 12 experimental methods with the required sensitivity have already been demonstrated. First, as the renormalization of the coupled resonator-molecule system is of order 10 −6 , high factor resonators are needed, Q > 10 6 . Resonators with quality factors of this order have already been demonstrated in superconducting coplanar waveguide resonators, 13, 14 which have quality factors typically limited by coupling of the resonator to the input and output transmission lines.
14 It will be important to avoid the formation of superconducting vortices in the resonator, which will lead to added dissipation and lower-quality factors. This requires that magnetic fields be applied in the resonator thin-film plane and that the resonator thickness be comparable to the superconducting penetration depth (∼50 nm for Nb resonators), which are both easy to realize in practice. The magnetic field can be swept slowly through the resonance condition or the frequency can be swept at a constant field. In the latter case the field control required is of the order of parts per million, which can be realized with present-day superconducting magnets as well as electromagnets, such as those used for NMR spectroscopy.
To detect the frequency shift δω = |ω − ω 0 |, the measurement time must be greater than 1/δω. Thus, the SMM relaxation time must be greater than 1/δω. With δω/ω = 5.8 × 10
−5
and ω 0 = 6 × 10 10 s −1 , we obtain δω = 3.5 × 10 6 s −1 . Hence the SMM relaxation time must be greater than 1/δω = 290 ns. Relaxation times larger than this have already been observed in several molecular magnets, including Ni 4 , 1,2 Fe 8 , 15 and Cr 7 heterometallic wheels. 16 The measurement temperature must be lower than the transition frequency,hω 0 /k b = 460 mK, or less than about 100 mK. Finally, molecules must be placed on the surface of the resonator, which has also been demonstrated at various laboratories. 17, 18 So while there are experimental challenges, such measurements are possible, and we believe their demonstration would open up new opportunities to control and determine SMM spin states.
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APPENDIX
In this Appendix, we derive the Schrödinger equation in the rotating system of coordinates [see Eqs. (13) and (14) 
